Counter-Ions Near a Charged Wall: Exact Results for Disc and Planar
  Geometries by Šamaj, Ladislav
ar
X
iv
:1
51
1.
00
88
2v
1 
 [c
on
d-
ma
t.s
tat
-m
ec
h]
  3
 N
ov
 20
15
J Stat Phys manuscript No.
(will be inserted by the editor)
Ladislav Sˇamaj
Counter-Ions Near a Charged Wall:
Exact Results for Disc and Planar
Geometries
Received: / Accepted:
Abstract Macromolecules, when immersed in a polar solvent like water,
become charged by a fixed surface charge density which is compensated by
“counter-ions” moving out of the surface. Such classical particle systems ex-
hibit poor screening properties at any temperature and the trivial bulk regime
(far away from the charged surface) with no particles, so the validity of stan-
dard Coulomb sum rules is questionable. In the present paper, we concentrate
on the two-dimensional version of the model with the logarithmic interaction
potential. We go from the finite disc to the semi-infinite planar geometry.
The system is exactly solvable for two values of the coupling constant Γ :
in the Poisson-Boltzmann mean-field limit Γ → 0 and at the free-fermion
point Γ = 2. We show that the finite-size expansion of the free energy does
not contain universal term as is usual for Coulomb fluids. For the coupling
constant being an arbitrary positive even integer, using an anticommuting
representation of the partition function and many-body densities we derive
a sequence of sum rules. As a result, the contact density of counter-ions at
the wall is available for the disc. The amplitude function, which character-
izes the asymptotic inverse-power law behavior of the two-body density along
the wall, is found to be related to the particle density profile. The dielectric
susceptibility tensor, calculated exactly for an arbitrary coupling and the
particle number, exhibits the anticipated disc value in the thermodynamic
limit, in spite of zero contribution from the bulk region. Some of the results
obtained in the Poisson-Boltzmann limit are generalized to an arbitrary Eu-
clidean dimension.
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point · Sum rules · Dielectric susceptibility tensor
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21 Introduction
Experiments with macromolecules are usually performed in polar solvents
such as water (which is also the relevant medium for biological systems).
The surface of the macromolecule releases micro-ions into the polar solvent
and in this way acquires a fixed surface charge density, opposite to the charge
of micro-ions (coined as “counter-ions”). For large macromolecules, the total
surface charge can be of order of thousands elementary charges e; in the first
approximation, the curved surface of the macromolecule can be replaced by
an infinite rectilinear plane. The charged macromolecule with the surround-
ing counter-ions form a neutral entity, the electric double layer, which is of
intense experimental and theoretical interest [3,16,38]. The effective inter-
action between equivalent electric double layers may lead, at small enough
temperatures, to anomalous attraction of like-charge macromolecules [15,31].
The three-dimensional (3D) model of mobile counter-ions near charged
rectilinear hard walls became, due to its relative simplicity, the cornerstone
for developing theoretical approaches to statistical mechanics of classical
Coulomb systems. The high-temperature (weak-coupling) limit is described
rigorously by the Poisson-Boltzmann (PB) mean-field theory [1] and by its
systematic improvement via the loop expansion [2,39,41]. The low-tempera-
ture (strong-coupling) limit is more controversial and still under discussion,
see [5,40,46]. In the leading strong-coupling order, the common feature of all
approaches is the single-particle picture of counter-ions in the linear surface-
charge potential. Recently, the strong-coupling approach based on the Wigner
crystallization [46] was generalized to curved cylinder [34] and disc [36] hard
walls.
The standard Coulomb fluids like the one-component or two-component
plasmas are “dense” since the number of mobile charges is proportional to the
volume of the confining domain. Such classical systems exhibit good screening
properties. The bulk particle correlations have a short-range, usually expo-
nential, decay at large distances. The same holds for the decay of particle
densities to their bulk values in semi-infinite plasmas. There exists a variety
of the exact sum rules in classical Coulomb fluids which relate the particle
one-body and two-body densities, for an old review see [37]. In the bulk,
the charge-charge correlation functions satisfy, in any dimension, the zeroth-
moment and second-moment Stillinger-Lovett screening conditions [50,51].
In two dimensions, also the compressibility [4,54] and higher-moment [26,30]
sum rules have been derived. In the semi-infinite case of an electric double
layer, the density of particles at the wall was shown to be related to the bulk
pressure via the contact theorem [9,35,52]. The Carnie and Chan generaliza-
tion of the second-moment Stillinger-Lovett condition to inhomogeneous flu-
ids leads to the dipole sum rule [7,8]. The charge-charge correlation function
decays slowly as an inverse-power law along the wall [18,53] and the ampli-
tude function satisfies a sum rule [19,22,45]. A relation between this algebraic
tail and the dipole moment was established in Ref. [27]. For finite systems,
the information analogous to the bulk second-moment Stillinger-Lovett rule
is contained in the dielectric susceptibility tensor which, according to phe-
nomenological electrostatics, depends on the shape of the confining domain,
3even in the thermodynamic limit [32]. The microscopic explanation of this
shape dependence, due to a contribution from the long-ranged charge-charge
correlations along the domain boundary, was given in a series of papers [10,
11,12] by Choquard et al.
Our system of counter-ions near walls with charged surfaces is “sparse”
in the sense that, due to the overall electric charge neutrality, the number
of mobile charges is proportional to the charged surface boundary of the
domain to which the counter-ions are confined. The bulk density of particles
goes to zero as the volume of the domain increases. The screening properties
of counter-ions are not good. Like for instance, in the PB limit the density
profile of counter-ions near one charged plane goes to zero with a slow inverse-
power-law decay of type 1/x2 at large distances x → ∞ from the wall [1].
Since the sum rules were derived under the assumption of good screening
properties of Coulomb fluids, the poor screening in systems of counter-ions
near charged surfaces calls into question their validity.
Although the dimension three is of primary physical interest, it is useful to
go to the two-dimensional (2D) Euclidean space. In an infinite d-dimensional
Euclidean space, the electrostatic potential v at a point r ∈ Rd, induced by
a unit charge at the origin 0, is the solution of the Poisson equation
∆v(r) = −sdδ(r), (1.1)
where sd is the surface area of the unit sphere in d dimensions: s2 = 2π, s3 =
4π, etc. This definition of the d-dimensional Coulomb potential maintains
generic properties, such as screening sum rules, of “real” 3D Coulomb system
with v(r) = 1/r, r = |r|. In two dimensions, the solution of (1.1), subject to
the boundary condition ∇v(r)→ 0 as r →∞, reads v(r) = − ln(r/L) where
the scale L is free. For counter-ions of charge −e at the inverse temperature
β = 1/(kBT ), the relevant coupling constant Γ = βe
2. The main point in two
dimensions is that one can solve exactly the model, besides the PB mean-field
limit Γ → 0, also at a specific coupling Γ = 2 at which the model is mappable
onto free fermions [17,20]. For specific geometries with known ground-state
Wigner structures, one can even solve the strong-coupling limit Γ → ∞
and make expansions around this limit. Moreover, for Γ an even positive
integer, there exists a representation of the partition function and many-
body densities in terms of anticommuting Grassmann variables [42,43,44].
The 2D system of counter-ions between symmetrically and asymmetrically
charged lines for the cylinder geometry was solved in Refs. [47] and [49],
respectively. The validity of certain sum rules for the case of single charged
line was verified in Ref. [48].
The aims of this paper are more ambitious. We consider a finite 2D disc
geometry of the counter-ions model to go to the semi-infinite geometry of
one charged line which is of primary interest. The free energy of the particles
inside the disc is found in the PB limit Γ → 0 and at the free-fermion point
Γ = 2; the finite-size expansion of the free energy does not contain universal
term as is usual for Coulomb fluids. Within the Grassmann representation,
we derive exact sum rules which are related to specific transformations of
anticommuting variables. These sum rules provide the exact contact density
of counter-ions at the wall for the disc geometry. The amplitude function,
4which characterizes the asymptotic inverse-power law behavior of the two-
body density along the wall, is found to be related to the particle density
profile. Some of the results obtained in the Poisson-Boltzmann limit are gen-
eralized to an arbitrary Euclidean dimension. Performing the Mo¨bius con-
formal transformation of particle coordinates in the partition function, the
dielectric susceptibility tensor is calculated exactly for an arbitrary coupling
and particle number. It tends to the anticipated disc value in the thermody-
namic limit, in spite of zero contribution from the bulk region.
The paper is organized as follows. The basic formalism and studied topics
are recapitulated in Sect. 2. Sect. 3 reviews the formalism of anticommut-
ing Grassmann variables to treat the partition function and the many-body
densities for counter-ions in the disc domain. Exactly solvable cases of the
free-fermion Γ = 2 and PB Γ → 0 coupling constants for the disc geometry
are presented in Sect. 4. The sum rules which follow from specific transfor-
mations of anticommuting variables, keeping a composite form of the Grass-
mann action, are summarized in Sect. 5. Here, we derive the contact density
of counter-ions at the wall and the relation between the amplitude function
(which characterizes the asymptotic inverse-power law behavior of the two-
body density along the wall) and the particle density profile. In Sect. 6, we
study the effect of the Mo¨bius conformal transformation of particle coordi-
nates inside the disc on the partition function and consequently derive the
dielectric susceptibility tensor for an arbitrary coupling and particle number.
A brief summary of the obtained results, open problems and conclusions are
drawn in Sect. 7.
2 Formalism and Topics of Interest
2.1 Studied geometries
The basic 2D geometry we consider is the disc domain of radius R, D =
{r, |r| ≤ R}, presented in Fig. 1. For simplicity, the dielectric constant ǫW of
the wall W = {r, |r| > R} is equal to the dielectric constant ǫ of medium in
which the particles are immersed, say ǫW = ǫ = 1 (vacuum in Gauss units);
there are no electrostatic image charges. A constant line charge density σe is
fixed on the disc circumference r = R. There are
N = 2πRσ (2.1)
classical counter-ions of charge −e inside the disc, so the system as a whole
is electroneutral. The particle coordinates in the 2D Euclidean space r =
(x, y) can be expressed via radial components r ∈ [0, R] and ϕ ∈ [0, 2π),
x = r cosϕ and y = r sinϕ, or via the complex variables z = r exp(iϕ) and
z¯ = r exp(−iϕ). The 2D Coulomb potential is − ln(r/L) where L is a length
scale which fixes the zero potential at distance r = L.
Let E(r1, . . . , rN ) be the total Coulomb energy of the system for a given
configuration of charges at points {ri}
N
i=1. The partition function at the in-
5σe
R
x
y
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Fig. 1 The disc geometry. Particles of charge −e are confined to disc of radius R.
There is the uniform line charge density σe on the disc boundary. The dielectric
constants ǫW of the wall r > R and ǫ of the medium in which the particles are
immersed are the same, ǫW = ǫ = 1 in Gauss units.
verse temperature β = 1/(kBT ) is then given by
ZN =
1
N !
∫
D
N∏
i=1
d2ri exp [−βE(r1, . . . , rN )] . (2.2)
The one-body density of particles at point r ∈ D is defined by
n(r) = 〈nˆ(r)〉, nˆ(r) =
N∑
i=1
δ(r− ri), (2.3)
where
〈· · ·〉 =
∫
D
∏N
i=1 d
2ri e
−βE(r1,...,rN ) · · ·∫
D
∏N
i=1 d
2ri e−βE(r1,...,rN )
(2.4)
denotes the statistical average over the canonical ensemble. Due to the cir-
cular symmetry of the problem, we have n(r) ≡ n(r) where r = |r|. At
two-particle level, one introduces the two-body densities
n2(r, r
′) =
〈
N∑
(i6=j)=1
δ(r− ri)δ(r
′ − rj)
〉
. (2.5)
6The circular symmetry of the system implies that n(r, r′) ≡ n(r, r′;ϕ − ϕ′).
The corresponding (truncated) Ursell functions are defined by
U(r, r′) = n2(r, r
′)− n(r)n(r′). (2.6)
It is useful to introduce also the charge-charge structure function
S(r, r′) = e2 [〈nˆ(r)nˆ(r′)〉 − n(r)n(r′)]
= e2 [U(r, r′) + n(r)δ(r − r′)] . (2.7)
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Fig. 2 The planar geometry. The particles of charge −e are confined to the half-
space x > 0. The surface of the wall at x = 0 carries the uniform surface charge
density σe.
In d spatial dimensions, we define the semi-infinite planar geometry in
Fig. 2. There is a hard wall in the half-space x < 0 filled with a material of
dielectric constant ǫW , the particles are constrained to the half-space x > 0.
As before, there are no image charges, i.e. ǫW = ǫ = 1. Let us represent
any vector as r = (x,y), where y is the set of (d− 1) coordinates normal to
x. We introduce the same statistical quantities as in the disc case. Due to
invariance with respect to translations along the wall and rotations around
the x-axis, we have n(r) ≡ n(x), n(r, r′) ≡ n(x, x′; |y − y′|), etc.
For d = 2, we can pass from the disc to the semi-infinite planar geometry
by taking the inertia to the disc boundary, r = R− x, and identifying
y = 2R sin
(ϕ
2
)
. (2.8)
For fixed x and y, taking the limits R → ∞ and ϕ → 0 we recover the
planar case. Note that if the angle ϕ is kept finite, the R → ∞ limit means
simultaneously the asymptotic limit y →∞.
72.2 Finite-size corrections of the 2D free energy
2D critical systems with short-range interactions among constituents exhibit
universal finite-size properties which are well understood within the principle
of conformal invariance [6]. For a finite 2D critical system of characteristic
size R, the dimensionless free energy has a large-R expansion of the form
βF = AR2 +BR−
cχ
6
lnR+ · · · . (2.9)
The coefficients A and B of the bulk and surface parts, respectively, are
non-universal. The coefficient of the term lnR is universal, dependent only
on the conformal anomaly number c of the critical theory and on the Euler
number χ of the manifold (χ = 1 for a disc). Using plausible arguments, the
universal lnR term was derived for dense 2D Coulomb systems at an arbitrary
temperature of the fluid phase [13,21,23]. Later, the prefactor to the universal
lnR correction was related to the second-moment of the short-range part
of the density-density direct correlation function cSR [24,25]. This second
moment was evaluated explicitly by using a renormalized Mayer expansion,
for both one-component and two-component plasmas [26,30]. The obtained
results agreed with the prediction of conformal invariance (2.9) for a critical
system as we had c = −1. In particular, for the disc of radius R the large-R
expansion of the free energy is expected to be
βF = AR2 +BR+
1
6
lnR+ · · · . (2.10)
2.3 Asymptotic decay of correlations along the wall
The bulk charge correlations decay faster than any inverse power law in
a dense Coulomb fluid as a consequence of perfect screening. The screening
cloud around a particle sitting near a hard wall is asymmetric. Consequently,
the two-body Ursell functions decay slowly along the wall for dimensions
d ≥ 2 [18,53]. For the plane semi-infinite geometry, using linear response [19,
22,45] one anticipates an asymptotic inverse-power law behavior of type
U(x, x′; y) ≃
f(x, x′)
yd
, y →∞. (2.11)
Let us define the (d− 1)-dimensional Fourier k-space with respect to coordi-
nates y via
U(x, x′; y) =
∫
dk
(2π)d−1
exp(ik · y)Uˆ (x, x′; k),
Uˆ(x, x′; k) =
∫
dy exp(−ik · y)U(x, x′; y). (2.12)
In the sense of distributions [14], the asymptotic behavior (2.11) is governed
by the kink at k = 0 of the small wave number behavior
Uˆ(x, x′; k) = Uˆ(x, x′; 0)−
sd
2
f(x, x′)k + · · · . (2.13)
8The function f(x, x′) is symmetric in coordinates x and x′. For all exactly
solvable cases, it takes the product form
f(x, x′) = −g(x)g(x′). (2.14)
In other words, when the lateral distance between the points r and r′ goes to
infinity the x-coordinates of the two points become uncorrelated. This fact
might have intuitively a more general validity. The function f(x, x′) obeys
the sum rule [19,22,45]∫ ∞
0
dx
∫ ∞
0
dx′ f(x, x′) = −
2
βe2s2d
. (2.15)
The asymptotic behavior (2.11), formulated for the semi-infinite planar
geometry, has its analogue also for finite domains, in the limit when the size
of the domain tends to infinity. In particular, it was shown for the 2D disc
geometry [28] that, as the radius R→∞, the Ursell function of two particles
at finite distances x and x′ from the boundary and with the angle ϕ between
them behaves as
U(x, x′;ϕ) ∼
R→∞
f(x, x′)
[2R sin(ϕ/2)]2
. (2.16)
Here, 2R sin(ϕ/2) is the counterpart of the lateral distance y for the planar
geometry, see Eq. (2.8).
2.4 Dielectric susceptibility tensor
For dense Coulomb fluids, the small-k behavior of the Fourier transform of
the Coulomb potential gives rise to exact constraints for the charge structure
function S [37]. In the bulk, S(r, r′) = S(|r− r′|) obeys the Stillinger-Lovett
screening rules [50,51], namely the zeroth-moment (electroneutrality condi-
tion ∫
ddr, S(r) = 0 (2.17)
and the second-moment condition
β
∫
ddr |r|2S(r) = −
2d
sd
. (2.18)
For dense Coulomb systems in a finite domain D, the analog of the bulk
zeroth-moment sum rule∫
D
ddr′ S(r, r′) =
∫
D
ddr S(r, r′) = 0 (2.19)
holds only in the canonical ensemble with the fixed total charge in D. The
information analogous to the bulk second-moment sum rule is contained in
the dielectric susceptibility tensor χD relating the average polarization to a
constant applied electric field, in the linear limit. Representing formally the
9vector as r = (r1, r2, . . . , rd), the components of the dielectric susceptibility
tensor χijD (i, j = 1, . . . , d) are defined by
χijD =
β
|D|
∫
D
ddr1
∫
D
ddr2 r
i
1r
j
2S(r1, r2). (2.20)
In the canonical ensemble where the sum rule (2.19) applies, this represen-
tation is equivalent to the one
χijD = −
β
2|D|
∫
D
ddr1
∫
D
ddr2 (r
i
1 − r
j
2)
2S(r1, r2). (2.21)
As D → Rd one might naively anticipate that only the diagonal components
χi = limD→Rd χ
ii
D (i = 1, . . . , d) are nonzero and that they tend, based on the
bulk second-moment sum rule (2.18), to the uniform Stillinger-Lovett (SL)
value
χiSL = −
β
2
∫
ddr (ri)2S(r) =
1
sd
(2.22)
which does not depend on the shape of domain D. This result is correct for
boundary-free domains like the surface of a sphere. But for the domain with
a boundary, it was shown by Choquard et al [10,11,12] that the dielectric
susceptibility is made up of a bulk contribution, which saturates quickly to
the SL value (2.22), and of a surface contribution. The surface contribution
does not vanish in the thermodynamic limit due to the long-range inverse-
power-law decay of particle correlations along the boundary (2.11). Summing
up both contributions one gets the dielectric susceptibility tensor whose com-
ponents depend on the shape of D. This phenomenon is in agreement with
macroscopic electrostatics for homogeneously polarizable systems [10,11,32].
In particular, for the isotropic sphere in the d-dimensional Euclidean space,
defined by the constraint of coordinates
∑d
i=1(r
i)2 = R2, it holds
χiD =
d
sd
, i = 1, . . . , d. (2.23)
This result was verified on the 2D disc geometry, in the high-temperature
Debye-Hu¨ckel limit and at the exactly solvable coupling Γ = 2 of the OCP.
The extension of the proof to Γ an even positive integer was done in Ref.
[43]. The generalization to all kinds of dense Coulomb fluids, based on the
fact that the total force acting on a system in thermal equilibrium is zero,
was made in Ref. [29].
All that has been said holds for dense Coulomb fluids. For sparse Coulomb
systems with charged walls only, the bulk regime is trivial with no particles
and so there are no bulk sum rules at one’s disposal. The above scenario of
the shape-dependent dielectric susceptibility tensor is therefore questionable.
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3 Mapping the Model to 1D Fermions for Disc Geometry
For the disc geometry presented in Fig. 1, the potential induced by the line
charge density σe is constant inside the disc domain D and, with regard
to the electroneutrality condition (2.1), reads as −Ne ln(R/L). For a given
configuration {ri}
N
i=1 of point charges −e inside the disc, the total energy of
the system is composed of three parts: E(r1, . . . , rN ) = Ess+Esp+Epp. The
interaction of the fixed line-charge with itself is given by
Ess = −
1
2
(Ne)2 ln
(
R
L
)
. (3.1)
The interaction of the line-charge with N mobile particles of charge −e is
found to be
Esp = (Ne)
2 ln
(
R
L
)
. (3.2)
Finally, the particle-particle interaction part of the energy is the sum over
all pair Coulomb interactions:
Epp = −e
2
N∑
(i<j)=1
ln
|zi − zj|
L
. (3.3)
Introducing the coupling constant Γ ≡ 2γ = βe2, the corresponding Boltz-
mann factor at the inverse temperature β reads as
e−βE(r1,...,rN ) = AN
N∏
(i<j)=1
|zi − zj|
2γ , AN =
LγN
RγN2
. (3.4)
The partition function is given by
ZN (γ) =
AN
λ2N
Z˜N (γ), Z˜N(γ) =
∫
D
N∏
i=1
d2ri
N∏
(i<j)=1
|zi − zj |
2γ , (3.5)
where λ is the de Broglie wavelength. The prefactor AN is important when
computing the free energy FN (γ) defined by βFN (γ) = − lnZN (γ). On the
other hand, AN is irrelevant and can be neglected in the calculation of the
one-body, two-body, . . . densities.
Our model is a member of a large class of 2D Coulomb systems with the
partition function of the form
Z˜N (γ) =
∫
D
N∏
i=1
[
d2ri w(ri)
] N∏
(i<j)=1
|zi − zj|
2γ , (3.6)
where D is the confining domain (disc in our case) and w(r) is the one-body
Boltzmann factor which involves all external potentials acting on particles.
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Note that the partition function (3.5) corresponds to vanishing external po-
tential, w(r) = 1. The one-body and two-body densities can be obtained in
the standard way:
n(r) = w(r)
1
Z˜N
δZ˜N
δw(r)
, (3.7)
n2(r, r
′) = w(r)w(r′)
1
Z˜N
δ2Z˜N
δw(r)δw(r′)
. (3.8)
It has been shown in Ref. [42] that the partition function of the form
(3.6) with the circularly symmetric w(r) ≡ w(r) can be expressed in terms
of anticommuting variables {ξ
(α)
i , ψ
(α)
i } (α = 1, . . . , γ), defined on a discrete
chain of N sites i = 0, 1, . . . , N − 1, as follows
Z˜N (γ) =
∫
DψDξ eS(ξ,ψ), S(ξ, ψ) =
γ(N−1)∑
i=0
ΞiwiΨi. (3.9)
Here, DψDξ ≡
∏N−1
i=0 dψ
(γ)
i · · · dψ
(1)
i dξ
(γ)
i · · ·dξ
(1)
i and the action S(ξ, ψ) in-
volves pair interactions of composite operators
Ξi =
N−1∑
i1,...,iγ=0
(i1+···+iγ=i)
ξ
(1)
i1
· · · ξ
(γ)
iγ
, Ψi =
N−1∑
i1,...,iγ=0
(i1+···+iγ=i)
ψ
(1)
i1
· · ·ψ
(γ)
iγ
, (3.10)
i.e. the products of γ anticommuting variables with the fixed sum of site
indices. The interaction strength is given by
wi =
∫
D
d2r r2iw(r), i = 0, 1, . . . , γ(N − 1). (3.11)
For our counter-ion system with w(r) = 1, we have
wi = 2π
∫ R
0
dr r2i+1 =
π
i+ 1
R2(i+1). (3.12)
The formalism of anticommuting variables was developed further and
applied to various Coulomb systems in Refs. [43,44,47,48,49]. The main
advantage is that the one-body and two-body densities are expressible ex-
plicitly in terms of averaging over the anticommuting variables, 〈· · ·〉 ≡∫
DψDξ eS · · · /Z˜N(γ). Namely,
n(r) = w(r)
γ(N−1)∑
i=0
〈ΞiΨi〉r
2i, (3.13)
n2(r1, r2) = w(r1)w(r2)
γ(N−1)∑
i1,j1,i2,j2=0
(i1+i2=j1+j2)
〈Ξi1Ψj1Ξi2Ψj2〉z
i1
1 z¯
j1
1 z
i2
2 z¯
j2
2 . (3.14)
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4 Exactly Solvable Cases for the 2D Disc Geometry
4.1 Free-fermion Γ = 2 coupling
At Γ = 2 (γ = 1), the composite operators (3.10) become the ordinary anti-
commuting variables. The partition function (3.9) with the diagonal action
S(ξ, ψ) =
∑N−1
i=0 ξiwiψi is equal to the product
Z˜N =
N−1∏
i=0
wi. (4.1)
The two-correlators in the representation of the one-body density (3.13) are
given by
〈ξiψi〉 ≡
1
Z˜N
∫
DψDξeS(ξ,ψ)ξiψi =
∂
∂wi
ln Z˜N =
1
wi
. (4.2)
The four-correlators in the representation of the two-body density (3.14) can
be calculated using the Wick theorem, with the result
〈ξiψjξi′ψj′ 〉 =
1
wiwi′
(δijδi′j′ − δij′δi′j) . (4.3)
The first product of Kronecker symbols δijδi′j′ leads to the term n(r1)n(r2)
which should be subtracted from n2(r1, r2) to obtain the corresponding Ursell
function. We recall that for our one-body weight w(r) = 1, the moments wi
are given by (3.12).
The partition function (3.5) reads as
ZN (1) =
LN
RN2λ2N
N−1∏
j=0
πR2(j+1)
j + 1
=
(
πLR
λ2
)N
1
N !
. (4.4)
Using Stirling’s asymptotic formula lnN ! = N lnN − N + 12 ln(2πN) +
O(1/N), we get for the (dimensionless) free energy
βFN = −R(2πσ) ln
(
eL
2σλ2
)
+
1
2
ln(σR) + ln(2π) +O
(
1
R
)
. (4.5)
Comparing to the large-R expansion for the free energy of dense Coulomb
fluids (2.10), A = 0 because the number of particles ∝ R and the logarithmic
term has the prefactor 1/2 different from the universal one 1/6.
The particle density profile is given by the series
n(r) =
1
πR2
N−1∑
j=0
(j + 1)
( r
R
)2j
. (4.6)
At the boundary, we have
n(R) = 2πσ2 +
σ
R
. (4.7)
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In the planar limit R → ∞, the contact theorem (for a zero background
charge density) [9,35,52] tells us that the contact particle density equals to
πΓσ2 which is in agreement with our Γ = 2 result (4.7). The term σ/R is
the finite-size correction due to curvature of the disc boundary. For r < R,
the series representation (4.6) implies
n(r) =
1
πR2
[
1−
(
r
R
)2N
(
1− r
2
R2
)2 −N
(
r
R
)2N
1− r
2
R2
]
. (4.8)
In the planar limit R → ∞, using the distance from the wall x = R − r as
the variable, we get the profile
n(x) =
1
4πx2
[
1− (1 + 4πσx)e−4piσx
]
. (4.9)
A x→∞, the density goes to zero with a long-range tail, n(x) ≃ 1/(4πx2).
The two-body Ursell function admits the series representation
U(r1, r2) = −
1
(πR2)2
N−1∑
i=0
(i+ 1)
(z1z¯2
R2
)i N−1∑
j=0
(j + 1)
( z¯1z2
R2
)j
= −n
(
r1r2e
iϕ/2
)
n
(
r1r2e
−iϕ/2
)
, (4.10)
where we introduced the angle difference ϕ ≡ ϕ1 − ϕ2. Inserting the explicit
representations
n
(
r1r2e
±iϕ/2
)
=
1
πR2
[
1−
(
r1r2
R2
)N
e±iNϕ(
1− r1r2R2 e
±iϕ
)2 −N
(
r1r2
R2
)N
e±iNϕ
1− r1r2R2 e
±iϕ
]
(4.11)
into (4.10) and considering the limit R→∞, it can be shown that the most
relevant contribution comes from the product of the terms proportional to
N :
U(r1, r2;ϕ) ≃
R→∞
−
N2
(πR2)2
(
r1r2
R2
)2N
1− 2 cosϕ
(
r1r2
R2
)
+
(
r1r2
R2
)2 . (4.12)
Going to coordinates x = R − r and taking the planar limit R → ∞, we
finally get the asymptotic behavior of type (2.16) with
f(x, x′) = −4σ2e−4piσxe−4piσx
′
. (4.13)
To calculate the isotropic dielectric susceptibility tensor χiD for the disc
D, we use the identity (x1x2 + y1y2)/2 = (z1z¯2 + z¯1z2)/4, so that
χiD =
β
πR2
∫
D
d2r1
∫
D
d2r2
z1z¯2 + z¯1z2
4
S(r1, r2). (4.14)
Since the structure function is expressible as
S(r1, r2)
e2
= −
N−1∑
i1,j1,i2,j2=0
(i1+i2=j1+j2)
1
wi1wi2
δi1j2δi2j1z
i1
1 z¯
j1
1 z
i2
2 z¯
j2
2 + n(r1)δ(r1 − r2),
(4.15)
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we find that
χiD =
Γ
2πR2
(
−
N−2∑
i=0
wi+1
wi
+
N−1∑
i=0
wi+1
wi
)
=
1
πR2
wN
wN−1
=
1
π
N
N + 1
. (4.16)
In the N →∞ limit, we get χiD = 1/π which reproduces correctly the d = 2
case of the general result (2.23).
4.2 Poisson-Boltzmann theory
For a given density profile n(r) of counter-ions with charge −e, the the elec-
trostatic potential ψ(r) satisfies the Poisson equation
∆ψ(r) = 2πen(r). (4.17)
Within the PB mean-field theory, the counter-ions density is locally related to
the corresponding Boltzmann factor of the electrostatic potential as follows
n(r) = n0 exp[βeψ(r)], (4.18)
where n0 is the normalization factor. We introduce the reduced potential
φ(r) ≡ βeψ(r) for which the above relations read as
∆φ(r) = 2πΓn(r), n(r) = n0e
φ(r). (4.19)
For the 2D case of circularly symmetric disc, the counter-ion density and the
electrostatic potential depend only on r = |r| and the Laplacian
∆ =
1
r
d
dr
(
r
d
dr
)
=
d2
dr2
+
1
r
d
dr
. (4.20)
Integrating the PB equation (4.19) over the disc and knowing that the total
particle number is N , we get the boundary conditions
lim
r→0
r
dφ
dr
= 0, R
dφ
dr
∣∣∣
r=R
= ΓN. (4.21)
The general solution of the PB equation (4.19) takes the form
φ(r) = −2 ln(a2 − r2) + ln(8a2)− ln(2πΓn0). (4.22)
The boundary condition at r = R (4.21) fixes the parameter a to
a2 = R2 +
4R2
ΓN
. (4.23)
The corresponding density profile at r ≤ R behaves as
n(r) =
4a2
πΓ
1
(a2 − r2)2
. (4.24)
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In particular, the contact density of counter-ions at the wall is given by
n(R) = πΓσ2 +
2σ
R
. (4.25)
In the planar limit R → ∞, going to the x = R − r variable, the density
profile reads
n(x) =
bσ
(x + b)2
, b =
1
πΓσ
. (4.26)
This is the special 2D case of a more general PB result [48]
n(x) =
bσ
(x+ b)2
, b =
2
βe2σsd
(4.27)
valid for an arbitrary d-dimensional Euclidean space.
As concerns the PB free energy, the particle-particle interaction energy
(3.3) should be calculated via the mean-field prescription [16]
Epp =
e2
2
∫ R
0
d2r
∫ R
0
d2r′ n(r) (− ln |r− r′|)n(r′), (4.28)
where n(r) is the PB profile (4.24). Using the formula (see, e.g. [27])
− ln |r− r′| = − ln r> +
∞∑
l=1
1
l
(
r<
r>
)l
cos[l(ϕ− ϕ′)] (4.29)
with r< = min(r, r
′) and r> = max(r, r
′), after lengthy algebra Epp is given
by
− βEpp =
4
Γ
[
ln
(
1 +
ΓN
4
)
−
ΓN
4
+
(ΓN)2
8
lnR
]
. (4.30)
Performing the large-N expansion for a fixed Γ and substituting N ∝ R, we
end up with the free energy
βFN = BR−
4
Γ
ln(σR) +O(1). (4.31)
This confirms that the lnR finite-size term is non-universal for our model of
counter-ions. Note that the lnR term in the Γ = 2 free energy (4.5) has even
the opposite sign.
It is probably impossible to solve explicitly the two-body density problem
for our finite disc with the density profile (4.24). For the plane geometry in
spatial dimension d, the two-body density was derived in Ref. [48] and the
function f(x, x′) has the long-range form
f(x, x′) = −
8
βe2s2d
b4
(x + b)3(x′ + b)3
, (4.32)
where the parameter b is defined analogously as for the density profile in
(4.27).
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5 Sum Rules for an Arbitrary Coupling
There exist specific transformations of anticommuting ξ-variables which keep
the composite nature of the Ξ-operators (3.10). Such transformations were
applied to the case of the 2D one-component plasma in Ref. [43]. They lead to
certain trivial and non-trivial constraints among correlators of the composite
operators which are the same for all one-component systems. However, these
constraints lead to sum rules for one-body and two-body densities whose
forms depends on the particular model. Although all sum rules are derived
strictly for γ a positive integer, one can assume their extended validity for
all real values of γ in the fluid regime.
5.1 Sum rules for one-body density
First we rescale by constant µ one of the field components, say
ξ
(1)
i → µξ
(1)
i , i = 0, 1, . . . , N − 1. (5.1)
The composite Ξ-operators transform simply as Ξi → µΞi. The invariance
of the partition function ZN (3.9) with respect to this transformation around
µ = 1 leads to (see [43] with the diagonalized weights wij = wiδij)∑
i=0
wi〈ΞiΨi〉 = N. (5.2)
With respect to the representation (3.13) of the one-body density, this con-
straint provides a trivial sum rule∫
D
d2r n(r) = N. (5.3)
It tells us that the number of particles in domain D equals to N , which is the
well-known information. This sum rule holds for all one-component system,
independently of the one-body Boltzmann weight w(r).
Let us now consider another transformation for all ξ-field components
ξ
(α)
i → λ
iξ
(α)
i , i = 0, 1, . . . , N − 1; α = 1, . . . , γ. (5.4)
The composite Ξ-operators transform as Ξi → λ
iΞi. The invariance of the
partition function (3.9) with respect to this transformation leads to [43]∑
i=0
iwi〈ΞiΨi〉 =
1
2
γN(N − 1). (5.5)
Summing this nontrivial constraint with the previous one (5.2) and recalling
that for our counter-ion system with w(r) = 1 the circular moments are given
by (3.12), we obtain
γ(N−1)∑
i=0
〈ΞiΨi〉πR
2(i+1) =
1
2
γN(N − 1) +N. (5.6)
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This relation is equivalent to the exact formula for the contact density of
counter-ions at the wall
n(R) = πΓσ2 +
(
2−
Γ
2
)
σ
R
. (5.7)
In the planar limit R → ∞, the contact particle density is equal to πΓσ2
in agreement with the contact theorem [9,35,52]. The 1/R correction due to
the wall curvature is exact for an arbitrary coupling Γ . For the free-fermion
coupling Γ = 2 and in the PB limit Γ → 0, we reproduce the exact results
(4.7) and (4.25), respectively.
5.2 Sum rules for two-body densities
The transformation of the anticommuting variables (5.1), when applied to
ZN 〈ΞiΨi〉, leads to [43]
γ(N−1)∑
j=0
wj〈ΞiΨiΞjΨj〉 = (N − 1)〈ΞiΨi〉. (5.8)
For an arbitrary one-component system, it can be easily shown that this
constraint is equivalent to the sum rule
n(r) = −
∫
D
dr′ U(r, r′) (5.9)
which is equivalent to the zeroth-moment sum rule (2.19).
The transformation (5.4), when applied to ZN 〈ΞiΨi〉, leads to [43]
γ(N−1)∑
j=0
jwj〈ΞiΨiΞjΨj〉 =
[
1
2
γN(N − 1)− i
]
〈ΞiΨi〉. (5.10)
For w(r) = 1, the fermionic representation of the two-body density (3.14)
can be written in polar coordinates as follows
n2(r1, r2) =
γ(N−1)∑
i1,j1,i2,j2=0
(i1+i2=j1+j2)
〈Ξi1Ψj1Ξi2Ψj2〉r
i1+j1
1 e
iϕ1(i1−j1)ri2+j22 e
iϕ2(i2−j2).
(5.11)
We perform the operation
r2
2
∂
∂r2
n2(r1, r2) =
γ(N−1)∑
i1,j1,i2,j2=0
(i1+i2=j1+j2)
〈Ξi1Ψj1Ξi2Ψj2〉r
i1+j1
1 e
iϕ1(i1−j1)
×
i2 + j2
2
ri2+j22 e
iϕ2(i2−j2) (5.12)
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and then integrate over r2 inside the disc. The integration over the angle ϕ2
fixes i2 = j2 = j and, consequently, i1 = j1 = i. Thus we get
∫ R
0
d2r2
r2
2
∂
∂r2
n2(r1, r2) =
γ(N−1)∑
i,j=0
〈ΞiΨiΞjΨj〉r
2i
1 jwj
=
γ(N−1)∑
i=0
[
1
2
γN(N − 1)− i
]
〈ΞiΨi〉r
2i
1 ,(5.13)
where we applied the sum rule (5.10). Using formula (5.5), this relation can
be readily rexpressed in terms of the Ursell function (2.6) as follows
∫ 2pi
0
dϕ
∫ R
0
dr2 r
2
2
∂
∂r2
U(r1, r2;ϕ) = −r1
∂n(r1)
∂r1
. (5.14)
Integrating by parts and using (5.9), we finally arrive at
R2
∫ 2pi
0
dϕU(r, R;ϕ) = −r
∂n(r)
∂r
− 2n(r). (5.15)
Writing r = R − x, y = Rϕ and going to the planar limit R → ∞, we
obtain the 2D version of the WLMB (Wertheim, Lovett, Mou, Buff) equation
[33,55] ∫ ∞
−∞
dy U(0, x; y) =
∂n(x)
∂x
. (5.16)
In Sect. 4 of Ref. [43] it was shown that the linear transformation of all
anticommuting variables
ξ
(α)
i (t) =
N−1∑
j=i
(
j
i
)
tj−iξ
(α)
j , i = 0, . . . , N − 1; α = 1, . . . , γ (5.17)
implies the “compact” transformation of composite variables
Ξi(t) =
γ(N−1)∑
j=i
(
j
i
)
tj−iΞj , i = 0, . . . , γ(N − 1). (5.18)
The invariance of ZN 〈ΞiΨi〉 with respect to the parameter t, considered
around t = 0, implies the constraint
γ(N−1)−1∑
j=0
wj(j + 1)〈ΞiΨi+1Ξj+1Ψj〉 = −(i+ 1)〈Ξi+1Ψi+1〉. (5.19)
To make use of this relation, we consider the integral
∫ 2pi
0
dϕ2 z1z¯2n2(r1, r2).
Inserting the fermionic representation of the two-body density (3.14) with
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w(r) = 1 into this integral, only terms with j2 = i2−1 ≡ j and i1 = j1−1 ≡ i
survive and we obtain∫ 2pi
0
dϕ2 z1z¯2n2(r1, r2) = 2π
γ(N−1)−1∑
i,j=0
〈ΞiΨi+1Ξj+1Ψj〉(z1z¯1)
i+1(z2z¯2)
j+1.
(5.20)
Now let us fix the point 2 at the boundary, i.e. z2z¯2 = R
2, and use the complex
notation z1 = re
iϕ. Considering wj(j+1) = πR
2(j+1) in the constraint (5.19),
we find that∫ 2pi
0
dϕ′ rRei(ϕ−ϕ
′)n2(r, R;ϕ− ϕ
′) = −2
γ(N−1)−1∑
i=0
(i+ 1)〈Ξi+1Ψi+1〉r
2(i+1)
= −2
γ(N−1)∑
i=0
i〈ΞiΨi〉r
2i
= −r
∂n(r)
∂r
. (5.21)
Finally, fixing ϕ = 0, using the obvious symmetry n2(r, R;ϕ
′) = n2(r, R;−ϕ
′)
and noting that the substitution of the two-body density by the Ursell func-
tion has no effect on the integral, we arrive at the sum rule
R
∫ 2pi
0
dϕ cosϕU(r, R;ϕ) = −
∂n(r)
∂r
. (5.22)
From the exact sum rules (5.15) and (5.22), we can construct a combina-
tion which implies
1
2
∫ 2pi
0
dϕ
[
2R sin
ϕ
2
]2
U(r, R;ϕ) = (R− r)
∂n(r)
∂r
− 2n(r). (5.23)
In the limit R→∞, switching to the variable x = R−r and using the special
case of the asymptotic formula (2.16)
U(x, 0;ϕ) ∼
R→∞
f(x, 0)
[2R sin(ϕ/2)]2
, (5.24)
we get the relation
f(x, 0) = −
1
π
[
x
∂n(x)
∂x
+ 2n(x)
]
(5.25)
valid for the semi-infinite 2D planar geometry.
It is simple to check by using the findings in Sect. 4 that this 2D relation
indeed holds for the free-fermion coupling Γ = 2,
n(x) =
1
4πx2
[
1− (1 + 4πσx)e−4piσx
]
, f(x, 0) = −4σ2e−4piσx (5.26)
as well as in the PB limit Γ → 0,
n(x) =
σb
(x + b)2
, f(x, 0) = −
1
π
2σb2
(x+ b)3
, (5.27)
where b = 1/(πΓσ).
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5.3 Possible generalization to any dimension
Let us assume that the function f(x, x′) factorizes into the product form
(2.14) not only for all exactly solvable cases, but also for all temperatures.
Under this assumption our 2D result (5.25) generalizes to
f(x, x′) = −
1
2π2Γσ2
[
x
∂n(x)
∂x
+ 2n(x)
][
x′
∂n(x′)
∂x′
+ 2n(x′)
]
, (5.28)
where the prefactor was fixed on the base of the 2D planar contact theorem
n(0) = πΓσ2. The consistency of the formalism is confirmed by the fact that
the formula (5.28) fulfills the 2D version of the sum rule (2.15)∫ ∞
0
dx
∫ ∞
0
dx′ f(x, x′) = −
1
2π2Γ
(5.29)
owing to the equality∫ ∞
0
dx
[
x
∂n(x)
∂x
+ 2n(x)
]
=
∫ ∞
0
dxn(x) = σ. (5.30)
Here, we applied the integration by parts to the term x∂n(x)/∂x together
with the known fact that n(x) goes to 0 faster than 1/x as x → ∞ and the
electroneutrality condition.
For an arbitrary dimension d, the counterpart of the formula (5.28) reads
as
f(x, x′) = −
2
βe2s2dσ
2
[
x
∂n(x)
∂x
+ 2n(x)
] [
x′
∂n(x′)
∂x′
+ 2n(x′)
]
. (5.31)
In view of the relation (5.30), the sum rule (2.15) is satisfied. The PB solution
presented in Sect. 4,
n(x) =
σb
(x+ b)2
, f(x, x′) = −
8
βe2s2d
b4
(x+ b)3(x′ + b)3
(5.32)
where b = 2/(βe2sdσ), is consistent with the ansatz (5.31). Whether or not
this ansatz holds also beyond the PB limit is an open question.
6 Microscopic Calculation of the Dielectric Susceptibility Tensor
6.1 Mo¨bius conformal transformation
We consider the particles with complex coordinates (z, z¯) inside the disc
domain D = {(z, z¯), zz¯ ≤ R2}. The Mo¨bius conformal transformation
z′ =
r0z +R
2
z + r¯0
, z =
r¯0z
′ −R2
−z′ + r0
(6.1)
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(with the free complex parameter r0 such that r0r¯0 6= R
2) transforms the
particle coordinates in the disc domain D to another domain D′ defined by
the inequality
(R2 − r0r¯0)(R
2 − z′z¯′) ≤ 0. (6.2)
If r0 is chosen outside the disc, i.e.
r0r¯0 > R
2, (6.3)
we obtain that z′z¯′ ≤ R2. This means that the original disc domain D is
mapped onto itself, D′ = D.
Let us study the effect of the Mo¨bius transformation of all particle coor-
dinates on the partition function
Z˜γ(N) =
1
N !
∫
D
N∏
i=1
dzidz¯iWγ(z1, . . . , zN),
Wγ(z1, . . . , zN) =
N∏
(i<j)=1
|zi − zj|
2γ . (6.4)
Each surface element dzdz¯ transforms as
dzdz¯ =
(r0r¯0 −R
2)2
(r0 − z′)2(r¯0 − z¯′)2
dz′dz¯′ (6.5)
and the square of the distance between two particles transforms as
|zi − zj |
2 =
(r0r¯0 −R
2)2
(r0 − z′i)(r¯0 − z¯
′
i)(r0 − z
′
j)(r¯0 − z¯
′
j)
|z′i − z
′
j |
2. (6.6)
The partition function (6.4) can be written in terms of the transformed co-
ordinates as follows
Z˜γ(N) =
1
N !
∫
D
N∏
i=1
dzidz¯i
[
r0r¯0 −R
2
(r0 − zi)(r¯0 − z¯i)
]γ(N−1)+2
Wγ(z1, . . . , zN).
(6.7)
Here, in order to simplify the notation, we have omitted the prime in all
particle coordinates. Up to a trivial prefactor which does not depend on
particle coordinates, the Mo¨bius transformation induces at the fixed point
(r0, r¯0) outside the disc (r0r¯0 > R
2) the opposite charge −eQ with Q given
by 2γQ = γ(N − 1) + 2.
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6.2 Dielectric susceptibility tensor
The partition functions (6.4) and (6.7) are identical. To take advantage of
this identity, we place the induced charge −eQ at infinity, i.e. r0r¯0 →∞. In
this limit, each one-body factor in (6.7) can be expanded as follows
[
r0r¯0 −R
2
(r0 − zi)(r¯0 − z¯i)
]ν
=

 1− R2r0r¯0(
1− zir0
)(
1− z¯ir¯0
)


ν
= 1 + ν
zi
r0
+ ν
z¯i
r¯0
− ν
R2
r0r¯0
+ ν2
ziz¯i
r0r¯0
+ · · · , (6.8)
where we introduced the notation ν ≡ γ(N − 1) + 2. To make a systematic
expansion in the variables 1/r0 and 1/r¯0, we first take 1 from each one-body
factor in the representation (6.7) and obtain nothing but the partition func-
tion (6.4). All other expansion terms must vanish. The terms proportional to
1/r0 or 1/r¯0 trivially vanish. As concerns the next expansion terms propor-
tional to 1/(r0r¯0), there are N one-body contributions of type −νR
2+ν2ziz¯i
and N(N − 1)/2 two-body contributions of type ν2ziz¯j + ν
2z¯izj for each
ordered particle pair (i < j). The consequent constraint reads as
1
N !
∫
D
N∏
i=1
dzidz¯iWγ(z1, . . . , zN )
N∑
i,j=1
ziz¯j
=
R2N
γ(N − 1) + 2
1
N !
∫
D
N∏
i=1
dzidz¯iWγ(z1, . . . , zN). (6.9)
In terms of the statistical averages, this relation is equivalent to∫ R
0
d2r
∫ R
0
d2r′ r · r′〈nˆ(r)nˆ(r′)〉 =
R2N
γ(N − 1) + 2
. (6.10)
Note that the same equality holds for the truncated correlator 〈nˆ(r)nˆ(r′)〉 −
n(r)n(r′) since ∫ R
0
d2r
∫ R
0
d2r′ r · r′n(r)n(r′) = 0 (6.11)
after the integration of cos(ϕ− ϕ′) over the angle ϕ− ϕ′ from 0 to 2π.
In view of the relations (6.10) and (6.11), the diagonal i = x, y elements
of the isotropic dielectric susceptibility tensor are given by
χidisc =
β
πR2
∫ R
0
d2r
∫ R
0
d2r′
r · r′
2
S(r, r′) =
1
π
γN
γ(N − 1) + 2
. (6.12)
It is interesting that this exact result is available for an arbitrary coupling
Γ = 2γ and an arbitrary number of particles N . For the free-fermion case
γ = 1, we reproduce the result (4.16). In the thermodynamic limit N →∞,
we obtain the expected value χidisc = 1/π.
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7 Conclusion
The system of counter-ions near walls charged by a fixed surface charge den-
sity has poor screening properties and a trivial bulk regime with no particles.
The Coulomb sum rules are valid for dense Coulomb systems like the one-
component or two-component plasmas and in their derivation good screening
properties and, in certain cases, the non-trivial “dense” bulk regime are cru-
cial. Some of these sum rules were confirmed for the counter-ion system in
Ref. [48].
In this paper, we treated the system of counter-ions in the 2D disc of
radius R and subsequently went to the semi-infinite model by increasing
R → ∞. Using the formalism of anticommuting variables for the partition
function and many-body densities of 2D one-component Coulomb systems,
we derived specific sum rules valid for any coupling constant equal to an even
integer. One of these sum rules fixes the contact density of counter-ions at
the disc wall, see formula (5.7). In the semi-infinite 2D planar geometry, we
have established the exact relation between the amplitude function f(x, 0)
(which characterizes the asymptotic inverse-power law behavior of the two-
body density along the wall) and the particle density profile in Eq. (5.25).
If one assumes that for any coupling constant the function f(x, x′) exhibits
the product form (2.14), this function is determined unambiguously via Eq.
(5.28). The generalization to an arbitrary Euclidean dimension d (5.31), re-
specting the sum rule (2.15), works well in the PB limit. Whether or not the
formula (5.31) is applicable to any dimension d and to any temperature is
an open question. Another open question is whether an analogous relation
between f(x, x′) and the density profile holds for dense Coulomb fluid like
the one-component or two-component plasmas.
The finite-R expansion of the free energy for particles being inside the
disc of radius R was found at the free-fermion point Γ = 2 (4.5) and in the
PB limit (4.31). The prefactor to the term lnR, which is universal in the case
of standard dense Coulomb fluids, depends on Γ for our model.
The microscopic calculation of the dielectric susceptibility tensor in Sect.
6 is based on the Mo¨bius conformal transformation of particle coordinates in
the definition of the partition function. It is interesting that the final formula
(6.12) holds for any coupling and particle number. Although the bulk con-
tribution to the tensor elements is equal to zero, their values are consistent
with the prediction of macroscopic electrostatics. There might exist a coun-
terpart of the Mo¨bius transformation for higher-dimensional spheres, with a
potential generalization of the present result.
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